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To walk among giants,
we must first stand as
men.
—Renovatio

INTRODUCTION

Research is what I’m doing when I don’t know what I’m doing.
—Wernher von Braun
1.1

The Search for a Model

Over the past decade, great effort has been invested into developing a laser system
with the ability to efficiently irradiate and heat objects at large distances [11]. Several
national laboratories such as Lawrence Livermore National Laboratory [1] have developed
lasers for this sole purpose. Although much experimental data has been generated in this
field, little effort has been directed toward validating such data with theory. Several studies
have been conducted to evaluate heat deposition in single layered materials [2]. However,
theory for heat deposition from a turbulence distorted, asymmetric irradiance waveform
has sparsely been associated with experimental data due to the complexities of including
turbulence [10]. Additionally, there is no model for heat deposition from a laser source
that includes the current-day, Kolmogorov deep turbulence laser propagation description
[15]. The absence of a heat deposition model from a turbulence distorted irradiance
waveform has an unfavorable impact on long range laser system development.
Specifically, much research and money have been invested into the development of
deformable mirrors [16] that attempt to correct the effects of turbulence waveform
distortion that rely on a trial-error analysis for on-target heat deposition model instead of a
direct prediction from a laser heat deposition for an asymmetric waveform. Although many
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studies have been conducted to investigate the turbulent influences on a laser waveform
[3] [12], no study has used these findings to generate a heat flow model for on-target heat
deposition from solutions to the differential heat flow equation.

1.2

Heat Flow Analysis

To produce a model that predicts heat deposition from a turbulence distorted
irradiance waveform, heat deposition in the absence of turbulence must first be modeled
that includes material properties. It is necessary that this description account for material
parameters such as thermal conductivity cp and mass density . Once these requirements
were determined in this study, Fourier’s Law of Conduction [14] was applied to satisfy
these requirements. Fourier’s Law of Conduction states that the time derivative of the
initial heat energy q(x,t) is proportional to the negative of the temperature gradient. As
described in Jean Fourier’s 1822 published work, Théorie Analytique de la Chaleur [14],
one dimensional heat flow is given by the equation,

,

= −� ∇

(1.1)

,

where k0 is the thermal conductivity, A is the area, and u(x,t) is the temperature. This
equation can be expanded to include 2-D geometry by recasting
�

,

and rewriting Equation (1.1) in integral form.
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,
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(1.2)

After defining the unit normal vector ̂ and applying Gauss’ divergence theorem, the 2-D
partial differential heat flow equation for no external sources is represented by the equation
[14]:

�

, �,
�

=

�

∇

, �,

(1.3)

In the case of external heating, an additional term that is representative of a source must be
included in Equation (1.3). This additional term, � , �,

, must have units of energy per

area per time. Once a source term is included, a comprehensive description for radial heat
flow in the presence of external heating can be produced as such in Equation (1.4).

�

, �,
�

−

�

∇

, �,

=

� , �,

(1.4)

�

After applying various techniques as will be discussed in Chapter 3 to solve
Equation (1.4), solutions for the temperature distribution can be generated. For any given
source Q(r, θ, t), the temperature distribution will be given by the nth order Bessel function
integrated over some time “t”, usually assuming azimuthal symmetry. For non-azimuthally
symmetric objects, an additional sin (θ) and cos (θ) dependence must be included [14].
However, since non-azimuthally symmetric cases are of little interest for the scope of this
project, only objects that preserve azimuthal symmetry will be considered. Equation (1.4)
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will provide the key for generating a computational and graphical model for both heat
deposition from a symmetric irradiance waveform and from an asymmetric one as will be
discussed in Chapter 5.
Given the complicated equations and parameters in heat deposition equations,
graphs for heat flow must be generated by a carefully chosen computer programming
language. Although many computer languages can provide adequate results, it was decided
that the two programming languages, Mathematica™ and Python™ would provide the best
results for this research. The use of two programing languages was decided so that
redundancies would ensure accurate modeling. However, Mathematica™ will serve as the
dominant programing language for this thesis.
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CHAPTER II

BACKGROUND

2.1

The Need

Since the genesis of the laser, experimental tests have been done on the effects of laser
light absorbed by materials from great distances. As technology advanced, the demand for
experimental data provided by sophisticated sources such as the high power ytterbiumfiber laser was widespread. As a result, numerous experiments were conducted to provide
such results.

However, as the technology became more advanced and the cost of

conducting experiments to test powerful and long-range lasers rapidly increased, the need
for theoretical data quickly became evident. This need became the impetus for multiple
investigations, including this one.
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2.2

The Model

In order to model heat deposition, many parameters must be considered;
The source:


Beam Spot Radius



Irradiance Distribution



Output Power



Wavelength

The target:


Dimensions



Material Characteristics



Material



2-D Geometry

The beam path:


Propagation Distance



Turbulence Structure Constant Cn2



Turbulence Distribution



Turbulence Variance

With these parameters in mind, a numerical code must be created to generate
graphical heat deposition data for varying values of beam radius, penetration depth, time
of irradiance, and turbulence parameters. Since Python™ is an open source programming
language, a wide variety of add-ons were taken advantage of throughout the course of this
project. Add-ons such as Anaconda, a scientific library program that runs within Python™,
provides various utility programs for assisting in the allocation of scientific data, such as
scipy (scientific python) and for mathematical equations such as numpy (numerical python)
which can be added to the program command line. Once these add-ons are called in the
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command line, accurate models of heat deposition given by solutions to Equation (1.4) can
be made. An example is the quarter cross-sectional radial heat deposition graph below.

Figure 2.1

Flat plate cross-sectional radial heat deposition

The above graph represents heat deposition provided by a 10 kw laser, with a
Gaussian irradiance profile, incident on the outer surface of a square iron plate target at a
distance of 1 m, irradiated for 5 seconds. Each contour line represents an equithermal
temperature on the surface of the target. Higher temperature resolution per unit area can
be achieved by including more iterations within the Python™ command line and more
accurately defining the target geometry.

7

This Python™ model excludes the presence of turbulence and closely agrees with
laboratory experiments conducted at Lawrence Livermore National Laboratory [1].
Specifically, the experimentally temperature on the surface of an iron was roughly 1800
degrees Kelvin at t = 5 seconds. This measurement is very close to that predicted by the
computational model above. This model could be further improved by defining a diffusion
term in the program command line. This would account for the rapid cooling an object
undergoes in a vacuum as it is raised above room temperature and releases heat radiatively,
or in air both radiatively and through conduction.
Once all parameters are appropriately included in the Python™ command line, an
accurate heat deposition model can be produced for multiple geometries. The goal of this
investigation is to develop an accurate heat deposition model for specific target geometries,
that accounts for various levels of turbulence strength affecting the incident laser beam.
Additionally, the goal is to produce a time average of turbulence distortion as a function of
(r, ϴ, t) that can be used to predict the on-target time evolution of the heat deposition.
Since Python is an open source program and much of the program itself needs
multiple add-ons (which are prone to coding errors) to accommodate various requirements,
another programing language was chosen to meet further requirements in handling more
complicated heat deposition models necessary for turbulence distorted waveforms.
Mathematica™ is subsequently used to create the heat deposition model for all cases.
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2.2.1

Turbulence

Since no closed form analytic mathematical model for turbulence exists, other
methods must be employed to accurately describe laser propagation through the
atmosphere.

Descriptions of the effects of turbulence are constantly updated as

experiments become more advanced and include higher levels of accuracy. To begin with,
a certain turbulence distribution must be assumed so that turbulent behavior can be
predicted and compared to experimentally measurable parameters. There are three types
of turbulence distributions that have been created for all types of weather conditions:


Kolmogorov Distribution



Modified Von Karman Distribution



Von Karman Distribution

It is well known that in a vacuum, the waveform (irradiance profile) of laser light
can often resemble a Gaussian. However, when the effects of turbulence are included, the
waveform becomes distorted and produces what appears to be a random irradiance pattern
at the target as shown in Figure 2.2 [3].
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Figure 2.2

Old Kolmogorov turbulence model [3]

This naturally causes a redistribution of heat deposited on the target. This has
motivated researchers to produce more sophisticated models for deep turbulence laser
propagation [5]. Although the time average of the heat deposition on target still closely
resembles that of a Gaussian, that average may have to be taken over a large interval of
time and is not applicable for typical 1-10 second irradiance times [2].
Several different types of turbulence will be considered:


Strong Turbulence



Medium Turbulence



Weak Turbulence



Very Weak Turbulence (Vacuum)

2.2.1.1

Turbulence Strength

Turbulence is measured in terms of the turbulence refractive index structure
constant Cn2. This relates the fluctuation strength of turbulent flow to the number of
10

scintillations in a given sample of air. Strong turbulence is defined as having a structure
constant in the range of Cn2 =10-12m-2/3 - 10-14m-2/3. Medium and weak turbulence have
structure constants in the ranges of Cn2 =10-14m-2/3 - 10-16m-2/3 and Cn2 =10-16m-2/3 - 10-18
m-2/3, respectively. The value of Cn2 can widely vary as a function of altitude, surface
geography, time of year, time of day, weather patterns, etc. [17]. Specifically, during a
mid-summer day with clear sky conditions, turbulence (as witnessed from a one-micron
wavelength laser at a distance of two meters from the surface) is strongest during midafternoon with Cn2 =10-13m-2/3 and decreases to Cn2 =10-15m-2/3 several hours after sunset
until it reaches a lowest value of Cn2 =10-17m-2/3 approximately one hour after sunrise [17].
All defined cases of turbulence are considered here in an effort to relate the effects
of turbulence distortion of the laser beam phase front to the on-target heat flow.
Additionally, a turbulence strength scale is used and referred to as Rytov Variance or Rytov
number which is a function of Cn2, propagation distance d0, and laser wavelength . The
Rytov number is the turbulence strength effective at the target location, since the amount
of diffraction (as witnessed at the target location) is a function of the amount of turbulence
the beam propagates through, the strength of each element of turbulence, and the
wavelength of the laser.

2.2.1.2

Current Turbulence Model

The Kolmogorov turbulence model or the Von Karman model which stems from
the Kolmogorov describes how energy is transferred from larger turbulence patterns, or
eddys, to smaller turbulence patterns [4]. Over time, these models have evolved to take on
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higher levels of complexity following improvements in computer processing power.
Furthermore, from the exploitation of methods such as “turbulence grids” [3] which
convert 3-D turbulent flow graphical data into 2-D graphical data and algorithms such as
the stochastic parallel gradient descent and propagation algorithms, accurate
representations of laser turbulence distortions can be generated. Additionally, thanks to
super computers such as Titan located at the Oak Ridge National Laboratory, these
algorithms can be executed quickly with high accuracy. This level of accuracy would not
be available otherwise, since commercial or personal computers lack the processing power
required. Graphs detailing the distorted laser waveforms from both strong and medium
turbulence at a distance of 1km have been produced and published in the open literature
[3]. Two examples are given below.

Figure 2.3

Old Kolmogorov turbulence model for strong turbulence [3]
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Figure 2.4

Old Kolmogorov turbulence model for medium turbulence [3]

Combining modern turbulence distorted waveform models with heat deposition
models generated from solutions to the differential heat flow equation provide a pathway
to understanding more complicated material processes that result from high energy laser
irradiation.
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CHAPTER III

DIFFERENTIAL HEAT FLOW EQUATION

3.1

Overview

Before the effects of waveform distortion from turbulence are considered for heat
deposition, an accurate heat flow solution for must be generated for the vacuum case – no
distortion of the laser beam. Solutions to the differential heat flow equation must also be
appropriate for realistic geometries. Only then can heat deposition profiles be accurately
generated.

3.2

Separation of Variables

The differential heat flow equation below is fundamental to this project and solutions
to this equation lead to heat deposition profiles for a given source.

�

, �,
�

−

�

∇

, �,
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=

� , �,
�

(3.1)

There are a variety of methods for solving the differential heat flow equation. The
major ones are separation of variables and Green’s functions. It was determined that
separation of variables best accommodates the boundary conditions while reducing the
overall complexity of the solution. The separation of variables method begins with
separating
, �,

=

, �,

into three terms that change with respect to only one variable, i.e.
� �

. This solution is then substituted back into the differential heat

flow equation which then produces three independent ordinary differential equations that
can be solved using standard differential equation techniques.

The radial ordinary

differential equation is in the form of Bessel’s equation whose solutions are Bessel’s
� takes the form of a inhomogeneous Laplace

functions. Similarly, the angular term

equation with solutions in terms of a Fourier series of sines and cosines. After solving for
the solution for �

, which contains the temporal information, all independent solutions

can be multiplied together to form one complete solution for the temperature as a function
of radius, angle, and time:

, �,

∞

∞

�=

=

=�∑∑
+ sin

�

�

,�

� ][

∞

∑[

�

=

− �
�� �

∫

�

�

�

(3.2)
+ �
�� �

]

Boundary conditions must be specified to force this solution to meet the 2-D
geometry chosen. In this case an infinitely large, azimuthally symmetric, smooth iron
plate. All material parameters were chosen for iron. The source and target parameters are
as given below.
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Table 3.1
Source Parameters
Q(r,ɵ,t)0,Absorbed =

Iron Target Parameters
kW

=

�

=1 m

�

w0 = 5cm radius

= .

= .

= 3 km

.
�

�

Since it is assumed that the target is azimuthally symmetric, the Fourier series is set
equal to a constant, 1 in this case and pulled out of the solution. Additionally, the constant
in front of the summation is left undetermined until specific boundary conditions are
chosen. However, the constant still has units of inverse seconds which preserves the units
of the solution allowing the temperature to still maintain units of Kelvin. The term � in
the denominator of Equation (3.2) represents the nth positive zero of the

th

order Bessel

function [6]. It is necessary to include � since it represents part of the normalization
condition for Equation (3.2) [6].

As a result of Equation (3.2), heat deposition graphs can be generated from
solutions to the partial differential heat flow equation as shown in the following figure.
Colors represent temperature as in previous figures.
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Separation of Variables Heat Deposition

4

Y m

2

0

2

4

4

2

0

2

4

X m

Figure 3.1

Separation of variables heat diffusion

This result represents heat deposition as a function of the spatial coordinates (x,y)
or in the radial coordinate R. As can be seen, the solution preserves azimuthal symmetry
and does not depend on ɵ. The black contour lines represent equi-thermal temperature
lines where the temperature remains constant in a circle about a particular radius. Specific
values have been assigned to the laser source and target in the absence of turbulence and
details about both will be discussed in the following chapters.
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3.3

Green’s Function Verification

Solving Equation (3.1) using a Green’s function is yet another way to model heat
flow. This approach is investigated in order to verify that the original solution generated
by the method of separation of variables is in agreement and that graphs of the two solutions
are equivalent.
The standard Green’s function approach to solving Equation (3.1) is to first assume
the initial boundary condition that was assumed for the separation of variables method
where

, �,

→

as | | → ∞ [9]. After applying this boundary condition to Equation

can be produced in terms of a Green’s function that

, �,

(3.1), a general solution for

must later be determined to obtain the final solution. The general Green’s function heat
flow solution is given by [9]:

where

, ; ′,
[

′

,

=

∫

�

∞

′

∫

, ; ′,

′

′

,

′

−

′

�

(3.3)

is the Green’s function that satisfies the equation,

�
−
�

�

∇ ]

with the boundary condition of

, ; ′,

′

, ; ′,

=

′

→

−

′

as | −

′

(3.4)

| → ∞ [9].

After applying the boundary conditions and solving the partial differential equation
for the inhomogeneous and homogenous cases, the Green’s function which was found to
be,

, ; ′,

′

=

−

′

�

−

′

− /

−(�−� ′ )
��

can be used to calculate a temperature distribution from:
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�−� ′
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[

∫

′

�

′

,

′

−(�−� ′ )

�−� ′

��

(3.6)

From this solution to the differential heat flow equation, a temperature versus radius
plot was generated and compared to that produced by the separation of variables method.
Results are given in the figure below.

Temperature K

Green's Function
2000

Separation of Variables

1500

1000

500

0

1

Figure 3.2

2

3

4

5

6

Radius m

Green’s Function and Separation of Variables comparison

It can be seen that although the Green’s function temperature solution and the
method of separation of variables solution differ in their functional form, they result in
comparable dependences on the radial coordinate R. This is a result of the Green’s function
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approach being proportional to the complementary error function Erfc[r]. A graph of
Erfc[r] closely follows that of a decaying exponential that connects the asymptotes of the
th

order Bessel function

�

. Specifically, by calculating the percent difference in

temperature between the two curves at thirty-five specific values of R and truncating the
calculation above the second cross-over point, the total average percent difference between
the solutions is 3 percent. This difference could be improved by including higher order
Bessel functions in the separation of variables solution since, for reasons discussed in the
following chapter, only

=

→

was considered. This truncation is also responsible for

the nonphysical negative temperature seen in the figure.
Therefore, it can be concluded that in this instance the separation of variables
solution and the Green’s function solution provide comparable and independent solutions
to the inhomogeneous differential heat flow equation. Heat deposition graphs can be
generated using either solution for the vacuum scenario.

20

CHAPTER IV

THE EXPERIMENTAL MODEL

4.1

Overview

The experimental model is focused on an analysis of the problem that arises in heat
deposition from laser irradiation that has propagated through some turbulent medium that
creates pseudo-random, on-target waveforms.
After applying the appropriate boundary conditions of the previous chapter to the
differential heat flow equation, solutions can be produced and used to create heat
deposition profiles.

However, difficulties in modeling the differential heat flow in

Mathematica™ can arise due to the complexity of the solution.

Once an accurate

computational graphical solution has been established, a proper turbulence model must be
chosen and incorporated. This is necessary since turbulence distorts the waveform and
substantially alters the on-target heat deposition.
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4.2

The Problem

In Chapter 3 it was shown that the differential heat flow equation can be modeled.
However, with the introduction of turbulence, the heat deposition model becomes much
more difficult to generate.

Specifically, when a laser is placed in a exo-laboratory

environment and irradiates a target at a significant distance, turbulence distortions, which
are density fluctuations in the air that create patches of varying indices of refraction, cause
the waveform to break-up from its initial shape. If this distortion is uniform or periodic,
it is possible to quickly arrive at a specific solution for on-target heat deposition. However,
with turbulence spatially and temporally distorting the laser’s irradiance profile, averaging
methods must be used to determine the heat deposition on a target. This is illustrated in the
following figure.

Medium Turbulence, Cn2 =10-15m-2/3

Strong Turbulence, Cn2 =10-12m-2/3

Figure 4.1

Turbulence distortion of waveform along propagation distance d0
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4.3

Modeling Complexities

When the differential heat flow Equation (3.1) is solved, the solution is
incorporated into a Mathematica™ program line. Once in the program line, the predefined
script ContourPlot is used to generate heat deposition graphs. However, since the solution
is written in terms of an infinite sum over Bessel functions and the corresponding zeros,
using this exact solution is computationally very difficult; the program must evaluate the
Bessel function up to

= ∞. Fortunately, contributions from the

th

order Bessel functions

rapidly decrease as the index increases. However, as can be seen from the graph on the
following page, various discontinuities and physical inconsistencies arise when only the
=

term is considered.
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Figure 4.2
The assumption that

=

Vacuum heat flow for J0
would yield a good approximation for radial heat flow

turned out to be wrong for several reasons. First, it can be seen that the maximum of the
graph is represented by an unphysically large spot size, as the true laser spot size is 5
centimeters. Second, there are discontinuities in the temperature gradient beyond

= .

If the graph were to be taken at face value, it would give the misleading interpretation that
heat from the source term would radiate outward, going to zero at about = . , then rising

again. This interpretation is obviously false, since it is known from experimental testing
that radial temperature goes generally as the inverse of distance [11] with no
discontinuities.
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There are irregular rectangular or oval shapes that appear in the graphs throughout
this study. These are actually artifacts of the computer screen resolution and do not actually
appear in the graph. These irregular shapes disappear if the graph is expanded into its full
resolution or when the number of contour lines is reduced similar to Figure 4.2, in contrast
to Figure 4.6.
Examining the Bessel functions in Figure 4.3 the nonphysical discontinuities
(zeros) in the solution of Figure 4.2 begin to reveal themselves.

Figure 4.3

J0

x2

y2

J1

x2

y2

J2

x2

y2

J3

x2

y2

Graph of Bessel’s function for � = 0 → 3

Looking at the first four Bessel functions of Figure 4.3, the results in Figure 4.2 can
be explained. It is clear that the nonphysical spot size seen at the center of Figure 4.2 was
caused by using J0(r) alone. The width of the single Bessel function near the origin cannot
be made small enough to represent the 5cm spot size being modeled without a
corresponding negative temperature occurring (after the first zero) at a relative small
radius. To avoid this obviously nonphysical result, a larger than normal spot size is the
consequence. The rise in temperature seen near ≅

is an artifact of J0(r) increasing from

below zero to above zero similar to Figure 4.3 at the location of
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≅ .

. However, the

graph of the infinite sum of all Bessel functions does not tend below zero at any point. This
is because the amplitude of the positive contribution is always larger than the negative at
any fixed value of r. Once higher order Bessel functions are included, a more coherent and
complete solution can be generated. After a lengthy process of determining how many
Bessel functions (verses computation time) are needed to reasonably fit the requirements
of this investigation, it was observed that after the first four Bessel functions, the difference
between summing the terms in the separation of variables solution and the Green’s function
solution was small enough for a reasonable temperature prediction out to a radius of ~4m,
when the Bessel function sum begins predicting a negative temperature. More terms would
be required to form an accurate solution for >
4.6.

. This sum result is illustrated in Figure

Vacuum Heat Flow for J0
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Figure 4.4

Vacuum heat flow for J0 + J1
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Vacuum Heat Flow for J0
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Figure 4.5

Vacuum heat flow for J0 + J1 + J2

In Figure 4.2 the abnormally large spot size representation has become small and
close to the source term specified in Table 1. It appears that Figure 4.5 is a good
approximation for radial heat flow, but in the corners of the graph there is still a slight
nonphysical temperature increase. When the first four Bessel terms are included in the
temperature distribution solution, a physically consistent result is obtained as shown in
Figure 4.6.
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Figure 4.6

Vacuum heat flow for J0 + J1 + J2 +J3

Turbulence effects on the irradiance waveform can now be introduced into the
overall solution. However, before proceeding to turbulence influenced heat deposition, an
appropriate turbulent flow model must be chosen.
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4.4

The Turbulence Model

As briefly discussed in chapter 2, there are several types of turbulence models, or
turbulence distributions, each with benefits and complications. In this section, all three
types of common turbulence models will be discussed and evaluated. There are three
models that are commonly used in modeling turbulence: Kolmogorov, Von Karman, and
Modified Von Karman.
The Kolmogorov model, which was postulated in a 1941 paper by Andrei
Kolmogorov [15], was the first true distribution model that predicted the interactions within
a turbulent cell of eddys, otherwise known has vortices. Specifically, by writing the
Navier-Stokes equation, which describes the flow of viscous fluids, in terms of a
wavenumber representing a particular vortex with a spatial dimension L, Kolmogorov was
able to determine that energy from a vortex always flows to another vortex of lower energy.
This is an important result in that Kolmogorov found that his conclusions correlated
with the second law of thermodynamics, where heat energy always flows from a state of
higher energy to a lower one [15].
Finally, Kolmogorov was able to produce an empirical equation that gave the
,

energy distribution of turbulent scale sizes

as a function of the turbulence energy

dissipation rate γ, the optical wavenumber k, and the independently measured eddy scale
parameter L which represents the width of a specific turbulent cell [4]. This is given as
Equation (4.1) below. From this equation, the influence of turbulence on an optical
wavepacket can be determined.
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,

=

− /

− /

(4.1)

From Equation (4.1), the effect of turbulence induced distortion on a propagating
laser beam can now be determined. However, in order to apply this model to realistic
conditions, adjustments must be made. The issue that arises is that the scale parameter L
is specific to a particular value of the structure constant Cn2 which makes the model difficult
to use for multi-cell turbulence situations where there exists a range of values of Cn2
throughout microscopic “patches” along the propagation distance d0. This situation was
pictorially described in Figure 4.1, where there exists a range of values for Cn2 an
experimenter could expect in an open air environment. The quantity Cn2 is a measure of
the magnitude of the fluctuations in the refractive index and is directly determined using a
scintillometer [3].
Although the Kolmogorov distribution is the most basic turbulence model and thus
the least complicated to apply, it falls short when considering multi-cell turbulence
situations. The Von Karman distribution is the next obvious choice.
The Von Karman distribution (or spectrum as it is called) is no more than a
modification of Kolmogorov’s theory. It is often referred to as the new Kolmogorov
turbulence model [4]. This modification strictly consists of the inclusion of a small scale
eddy parameter

and a large scale eddy parameter

, whose values are experimentally

set at 1 millimeter and 1 meter respectively [3]. These values are included in a turbulence
scale distribution [18]:
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−

(4.2)

/

This is the characteristic equation for the Von Karman distribution. A complete description
of a turbulence distribution throughout a microscopic “patch” along some propagation path
can now be generated. However, in order to account for the entire propagation distance
d0, another parameter, called the Rytov variance, must also be included [3].
Rytov variance is, in part, a result of the Von Karman spectrum. It is because of
the existence of Equation (4.2), where a turbulence distribution is given in terms of the
small scale and large scale eddy parameters, that this additional distribution can be
translated into an average over a distance of three kilometers.

Specifically, since the

physical nature of turbulence makes it impossible to include all turbulence distributions
located at an arbitrary distance throughout the entire path, an approximate average must be
used to quantify the total effect or strength that turbulence has on a laser phase front.
Therefore, in light of this, the Rytov variance equation below is used to average the
cumulative effects of turbulence on the laser phase front as a function of � ,

, and

propagation distance d0 [17].

�� = .

�

(4.3)

Equation (4.3) is used to determine the specific values of Rytov variance for a
variety of turbulence instances at a chosen distance of 3 kilometers. A table for turbulence
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strength as a function of Rytov variance can then be generated and an example is given
below. It is important to note that Rytov variance is a unitless quantity.
Table 4.1
Turbulent Strength
Strong Turbulence, Cn2 =10-13m-2/3
Moderate Turbulence, Cn2 =10-15m-2/3
Weak Turbulence, Cn2 =10-17m-2/3

Rytov Variance
(for =1 m)
�� > 1
0.2 < �� <
0 < �� < 0.2

Rytov Variance
(for =10 m)
�� > 0.0λ
0.015 < �� < .
0 < �� < 0.015

The third turbulence model, the Modified Von Karman distribution, offers very
little improvement over the standard Von Karman distribution. In particular, the Modified
Von Karman model and the standard Von Karman model are for all functional purpose the
same, with one exception: the Modified Von Karman model accounts for a phenomenon
that occurs for small eddys (on the order of 1millimeter) which are of minor concern here.
Thus it was decided to not use this correction and instead use the standard Von Karman
distribution.
Finally, once the Von Karman distribution and the Rytov variance are paired
together, accurate irradiance profiles can be generated as in Figures 4.7 (a)-(c).

Figure 4.7

(a) Vacuum irradiance profile [3]
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Figure 4.7

Figure 4.7

(b) Turbulence single instance irradiance profile [3]

(c) Turbulence ensemble averaged irradiance waveform [3]

Specific irradiance profiles such as in Figures 4.7 a)-c) are generated from phase
screen simulations which can approximate turbulent distributions and Rytov variances.
This is accomplished by placing a screen in front of the source aperture and measuring the
phase fluctuations between any two points [19]. A colleague of the author, William
Nelson, provided all of the experimental turbulence distorted waveform irradiance profiles
(for a one-micron wavelength laser) that appear throughout this thesis, which he produced
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under a U.S. government contract during his time as a graduate student in the Department
of Electrical Engineering at the University of Maryland [3].
In Figure 4.7 (b), it can be seen that the single instance irradiance of the waveform
has become distorted and asymmetric in form, while the time average irradiance in Figure
4.7 (c) returns to the Gaussian form. The resultant heat deposition from a symmetric
waveform evolves from the vacuum case under the influence of turbulence and changes
the on-target heat deposition – the subject of this investigation.
In this study it was assumed that turbulent flow is an ergodic process where the
statistical behavior can be determined from a sufficiently large ensemble average [29].
Based on this assumption, the ensemble average of the irradiance profile similar to Figure
4.7 (c) is expected to be a representative example of the time average.

4.5

Turbulent Influenced Heat Deposition Model

Since turbulence induced laser beam asymmetries have no functional form, scaling
techniques were developed so that the source term in the solution to the differential heat
flow equation could accurately represent turbulence distorted irradiance profiles. These
scaling parameters are represented by time invariant constants that shift both the amplitude
and origin of radial components in Equation (3.2) – these scaling parameters are best
illustrated by Equation (4.4).
=√

+

+

+

(4.4)

By an appropriate choice for a, b, c and d, source terms in Equation (3.2) were
modified to represent asymmetric irradiance profiles presented in this study. It is important
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that these scaling parameters shift the amplitude of the source, since laser irradiance
profiles are smeared and often unevenly distributed while under the influence of
turbulence. This scaling technique was developed to simulate what is visually observed
when the predicted irradiances (with turbulence) becomes severely distorted as in Figure
4.7 (b). Visual inspection of the waveform in this figure allows an estimate of both position
shift (a and c in Equation 4.4) and amplitude (b and d) so that individual discrete heat
sources can be used to simulate the total effect. An example of a scaled source term in the
differential heat flow equation is offered in Figure 4.8.
Heat Deposition for Unknown Turbulent Strength
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Asymmetric heat deposition profile

Figure 4.8 is strictly an example of heat deposition from an asymmetric source as
modeled by scaling parameters. It does not represent heat deposition from a specific
turbulence distorted laser beam source.

Scaling parameters used to model specific

instances of turbulence distorted irradiance waveforms will be further illustrated in the
following chapter.
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CHAPTER V

RESULTS

5.1

Overview

Since an accurate vacuum heat deposition model has been generated from solutions
to the differential heat flow equation and a turbulence model has been established, heat
deposition models from turbulence distorted, asymmetric waveforms can now be produced.
Using source scaling parameters, solutions of the differential heat flow equation can be
incorporated into generating heat deposition models for turbulence distorted waveforms.
It will be shown that the turbulence single instance and the time ensemble average of the
on-target heat deposition are identical in functional form to that of the irradiance profile
for a specific turbulent strength. Finally, it is shown that for �� < , the time average of

the heat deposition tends to a Gaussian form as described by the central limit theorem [13]
and for �� > , the time average becomes smeared over the surface with the irradiance
waveform rapidly losing its symmetry as �� → �� ≫ .
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5.2

Single Instance Heat Deposition from Turbulence Distorted Waveforms

After applying the methods in chapter 4, heat deposition graphs can be generated.
There are two types of diagrams in the figures below: one picture represents a waveform
distortion from turbulence at a specific Rytov variance, the other represents radial heat flow
from this distorted waveform for the same Rytov variance. The picture which represents
the turbulent distorted waveform is divided into three parts: (a) the laser irradiance profile
in the absence of turbulence, (b) the irradiance profile for a single frame of turbulence at a
particular Rytov variance, and (c) the ensemble average of (b) over one-hundred similar
turbulence instances. The second diagram is the heat deposition model generated from a
solution to Equation (1.3) for the asymmetric irradiance waveform from the previous
turbulence profile figure. Each pair of profiles is specific to a particular Rytov variance,
which represents the overall turbulent strength as witnessed by a laser beam that has
propagated a distance d0.

5.2.1

Heat Deposition for Near Vacuum Environment

From the graphs below it can be seen that even for the near vacuum environment,
where Rytov variance �� = .

, there is still a turbulence distortion in the waveform

and more importantly an asymmetry in the resulting temperature distribution.
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Figure 5.1

Turbulence profile for weak turbulence [3]
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Figure 5.2 is the representative model for heat deposition on a metal target being
irradiated by a one-micron wavelength laser source that has propagated through a distance
of three kilometers in the presence of weak turbulence. This model was generated by
applying source scaling parameters that represent the asymmetric waveform in Figure 5.1
(b). Once appropriate scaling parameters are identified through trial and error, an
approximate solution to the differential heat flow equation for a laser source under the
influence of weak turbulence is plotted using the computational script developed in this
thesis to generate temperature distributions.
Since the time ensemble average of the irradiance waveforms in Figure 5.1 (c) is
largely unaffected by weak turbulence, it was determined that heat deposition for this case
could be approximated as the heat deposition in a vacuum as was given in Figure 4.6.

5.2.2

Heat Deposition for Weak to Medium Strength Turbulence

Figure 5.3

Turbulence profile for weak to medium turbulence [3]
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Figure 5.4 represents on-target heat deposition from a laser beam in the presence
weak turbulence of Rytov variance �� = .

. Figure 5.4 can also be interpreted as

the on-target heat deposition from the irradiance waveform in Figure 5.3 which simulates
the turbulence levels that would be witnessed during early morning, roughly an hour after
sunrise [17].
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5.2.3 Heat Deposition for Medium Strength Turbulence

Figure 5.5

Turbulence profile for medium turbulence [3]
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Figure 5.6 represents heat deposition from a laser source in the presence of latenight turbulence conditions when the ground is still cooling from the late afternoon sun
[17].

5.2.4

Heat Deposition for Medium to Strong Strength Turbulence

Figure 5.7

Figure 5.7

Turbulence profile for medium to strong turbulence [3]

(c) Averaged turbulence profile for medium to strong turbulence [3]
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Since turbulence is relatively cyclic over the course of a day [17], there are certain
times in a day when any turbulence can be seen. Figure 5.8 represents heat deposition from
a laser source either in the morning several hours after sunrise or several hours past midday when the ground begins to rapidly cool [17]. It is important to notice that the time
ensemble average in Figure 5.7 (c) has begun to tend away from its Gaussian shape and
begins to resemble the asymmetric single instance irradiance profile. This is a result of the
time ensemble average over one-hundred similar turbulence instances taking less time to
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average than the time average that tends to a Gaussian profile described by the central limit
theorem in Appendix A [13].

5.2.5

Heat Deposition for Strong Strength Turbulence

Figure 5.9

Figure 5.9

Turbulence profile for strong turbulence [3]

(c) Averaged turbulence profile for strong turbulence [3]
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It is important to understand that the larger than normal temperature distribution on
the bottom right of Figure 5.10 is a resultant of the smeared irradiance profile in Figure 5.9
(b). Figure 5.10 was achieved by modifying the geometry of the source in the solution for
the differential heat flow equation using scaling parameters discussed earlier. Since Figure
5.9 (b) represents a degree of beam splitting and thus a creation of more source terms, it
was decided to approximate the asymmetries in Figure 5.9 (b) as smaller individual sources
terms for which separate solutions to the differential heat flow equation were generated. It
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was required that the sum total of all heat energy distributions from the individual sources
in Figure 5.10 equal the total energy distribution in Figure 4.6 – this preserves conservation
of energy.
The amount of distortion in Figure 5.9 (b) is that predicted [3] for turbulence
patterns occurring during mid-day [17]. The maximum amount of turbulence influenced
irradiance waveform distortion occurs during mid-afternoon; this situation is presented in
section 5.2.6 along with heat deposition generated for the same turbulence strength.
The time ensemble average in Figure 5.9 (c) is for mid-afternoon turbulence. The
heat deposition model generated for this scenario was discussed in section 5.3.

5.2.6

Heat Deposition for Very Strong Strength Turbulence

Figure 5.11

Turbulence profile for very strong turbulence [3]
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Heat deposition for very strong turbulence is modeled in Figure 5.12 above. It is
seen here that on-target heat deposition strongly suffers from the asymmetric turbulence
distorted waveform for very high Rytov variance. Instead of a sharp heat distribution
(temperature profile) at the center of the iron plate, heat flow is asymmetrically smeared
over the surface.
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5.2.7

Evaluation of Single Instance Heat Deposition

From the analysis in sections 5.2.1-5.2.6, it is seen that laser heat deposition for an
iron plate can successfully be modeled from solutions to the differential heat flow equation
(for a one-micron wavelength laser that has propagated through distance of three
kilometers) for a range of single instance turbulence strengths. By using the parameters in
Equation (4.4), source geometries and relative amplitudes from turbulence distorted
irradiance waveforms can be used to generate Rytov variance specific solutions to the
differential heat flow equation.
To illustrate how the irradiance waveform is distorted as a function of the Rytov

On-Axis Irradiance

variance, plots can be generated from experimental data as shown in Figure 5.13.

Rytov Variance

Figure 5.13

Average on-axis intensity vs. Rytov variance [3]
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Figure 5.13 was generated by William Nelson [3] during scintillometer
measurements of the turbulence structure constant for a one-micron wavelength laser at a
distance of three kilometers.

Once measurements were made, Rytov variance was

calculated and plotted against the on-axis irradiance.

5.3

Turbulence Ensemble Time Averaged Heat Deposition

Experimental time averaged waveforms, as the example in Figure 5.9 (c), taken
over a large time interval (in some studies up to 15 minutes [17]). To simulate this, the
ensemble average of more than 100 similar instances of turbulence was taken. Heat
deposition graphs were generated using this average instead of taking the time integral
from the first simulated measurement to the 100th. Due to the stochastic nature of
turbulence, the time it takes to calculate this ensemble average of 100 similar turbulence
instances varies from iteration to iteration.
From section 5.2 it can be seen that the turbulence ensemble average maintains a
Gaussian-like form for the lower turbulent strength regime. However, once �� → �� >
, the central limit theorem [13] (which describes how an asymmetric function will tend to

a Gaussian form given a time average that is long enough) begins to break down and the
turbulence ensemble average evolves into an asymmetrical form as seen in Figure 5.λ (c)
[3]. Using this information, heat deposition graphs can be generated for the strong
turbulence strength condition using methods developed in chapter 4.
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Beyond the strong strength turbulence case, the waveform becomes stochastic to
the point that it demands other methods be found to accurately reproduce experimental
asymmetries. Previously, asymmetries could easily be modeled with the use of scaling
parameters. However, it becomes practically impossible to use such scaling parameters for
asymmetries resulting from turbulence strengths above strong turbulence
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CHAPTER VI

CONCLUSION

6.1

Summary and Conclusion
This investigation is a result of the observed distortions in laser waveforms when

they are propagated through a turbulent medium. Experimenters are in need of a model
that predicts heat deposition from this turbulence distorted, asymmetric waveform. In an
effort to produce such a model, a heat deposition profile for the vacuum case was first
pursued. Using solutions to the differential heat flow equation and a computational
modeling program, an approximate radial heat deposition model was generated. This
approximate model was then improved by increasing the terminal order of the Bessel
function contained in the radial solution to the differential heat flow equation and then
summing the Bessel function terms together.

Once this model was generated, a

mathematical check by means of Green’s function was employed to determine the
completeness of the initial solution generated from the method of separation of variables.
This model was also checked against experimentally generated results produced by
Lawrence Livermore National Laboratory [1] during vacuum heat deposition experiments.
Values for the temperature at the origin from a 5 second irradiance time agreed with the
model.

Various turbulent flow models were then investigated so that an appropriate
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description could be chosen for the modeling of heat flow under such influences. In an
effort to preserve generality, the standard Von Karman turbulence distribution was chosen
and a relative turbulence strength defined as Rytov variance, which is a function of
turbulence structure constant � , wavenumber

, and propagation distance d0, was

specifically established for a target located three kilometers away. Once the turbulence
parameters were chosen (using experimentally measured irradiance profiles as a function
of Rytov variance) heat deposition graphs for turbulence distorted waveforms were
generated by means of scaling parameters installed into the solution to the differential heat
flow equation.

Once these solutions were produced, accurate single instance heat

deposition profiles from asymmetric waveforms were created. The accuracy of these
models could be improved by redefining the scaling parameters to a profile that more
closely matches that of the irradiance profile. These models could also be improved by
including additional higher order Bessel functions in the differential heat flow solution.
However, it should also be noted that as the upper limit of the summation of the

th

order

Bessel function tends to a larger number, computer hardware requirements begin to exceed
the processing power available from a personal computer and a super computer is required.
Finally, once the single instance heat deposition model was generated, an ensemble
averaged heat deposition model was pursued. By further use of scaling parameters,
ensemble averaged heat deposition profiles were generated to simulate time averages for
weak to strong turbulence. Since the waveform of the ensemble averaged irradiance profile
maintains a Gaussian-like form for low to medium turbulence strength, the time-averaged
simulated heat deposition profiles for this turbulence range were approximately those of
the vacuum scenario. Beyond strong strength turbulence, asymmetries in the waveform
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become stochastic to the point that for all practical purposes it is impossible to generate
instantaneous heat deposition profiles using scaling parameters.

Nevertheless, heat

deposition for ensemble averaged turbulence distorted waveforms has been modeled with
the expectation that this average accurately represents the time average.
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APPENDIX
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APPENDIX A

A.1

Central Limit Theorem [13]

This description is taken verbatim from the online mathematical resource Wolfram
Alpha [13].

Let

be a set of independent random variates and each

arbitrary probability distribution

with mean

have an

and a finite variance

.

Then the normal form variate

(1)

has a limiting cumulative distribution function which approaches a normal distribution.

Under additional conditions on the distribution of the addend, the probability
density itself is also normal (Feller 1971) with mean

and variance

. If

conversion to normal form is not performed, then the variate

(2)

is normally distributed with

and .

.
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Kallenberg (1997) gives a six-line proof of the central limit theorem. For an elementary,
but slightly more cumbersome proof of the central limit theorem, consider the inverse
Fourier transform of

.

(3)

(4)

(5)

(6)

Now write

(7)

so we have

(8)

(9)
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(10)

(11)
(12)
(13)

(14)

(15)

(16)

Now expand

(17)

so

(18)

(19)

(20)

since
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(21)
(22)

Taking the Fourier transform,

(23)
(24)

This is of the form

(25)

where

and

. But this is a Fourier transform of a Gaussian

function, so

(26)

(e.g., Abramowitz and Stegun 1972, p. 302, equation 7.4.6). Therefore,

(27)

(28)

(29)
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But

and

, so

(30)
The "fuzzy" central limit theorem says that data which are influenced by many
small and unrelated random effects are approximately normally distributed as a Gaussian
form.
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